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	 A speed estimation scheme based on the back electromotive force (back-EMF) of motors 
was developed for a direct torque control (DTC) permanent magnet synchronous motor (PMSM) 
drive. The DTC PMSM drive was established using stator flux and electromagnetic torque. 
Three-phase stator currents and voltages were utilized to develop a rotor position estimator on 
the basis of back-EMF. The estimated rotor speed was derived from the rotor position estimator. 
Hall effect current sensors were used as an electromagnetic sensing element to obtain the stator 
current from the DTC PMSM under loading. Voltage space vector pulse width modulation 
(VSVPWM) was utilized to establish a voltage source inverter (VSI) in place of the traditional 
switching table (ST) VSI to reduce the ripples of the stator current and electromagnetic 
torque. A speed controller was designed using a modified particle swarm optimization (PSO) 
algorithm to achieve rapid convergence, low operational cost, and good applicability under 
various conditions. The MATLAB/Simulink© toolbox was used to establish the simulation 
scheme, and all the control algorithms were realized on a control card (Texas Instruments TI 
DSP 6713-and-F2812). Simulation and experimental results (including the estimated rotor 
speed, stator current, estimated electromagnetic torque, and stator flux locus) confirmed the 
effectiveness of the proposed approach.

1.	 Introduction

	 Meeting the demand for energy saving and intelligent production requires superior drives and 
high-efficiency motors to actuate machinery. The permanent magnet synchronous motor (PMSM) 
is widely used in modem industries because of its reliability, low noise, high power density, 
high efficiency, and small size. Relative to field-orientation-controlled alternating current (AC) 
motor drives, AC motor drives based on the direct torque control (DTC) scheme achieve a 
quick response, exhibit a simple structure, and eliminate the need for decoupling computation. 
According to the DTC theory of AC motors, the torque and stator flux are directly modulated by 
individual controllers, and the suitable switching patterns of a voltage source inverter (VSI) are 
then selected to actuate the AC motor.(1) Under an independent control condition, the torque and 
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stator flux control loops show DTC inherent decoupling. Conventional closed-loop DTC PMSM 
drives require rotor position sensors, such as analog resolvers or digital encoders, to detect shaft 
positions; however, with such sensors, the robustness of PMSM drives is reduced, rendering 
them unsuitable for hostile environments. Hence, the development of speed estimation methods 
for DTC PMSM drives, as alternatives to conventional speed feedback methods, is required. 
Several speed estimation methods have been developed for PMSM drives; examples include 
the speed adjustment mechanism developed via model reference adaptive control,(2–4) speed 
identification derived from an extended Kalman filter,(5–7) speed estimation dependent on a flux 
observer or the back electromotive force (back-EMF) of a PMSM,(8–11) and speed determination 
using fuzzy logic control or neural networks.(12–14) In the current research, voltage space vector 
pulse width modulation (VSVPWM) was utilized to establish the VSI in place of a traditional 
switching table (ST) VSI to reduce the ripples of the stator current and electromagnetic torque. 
Three-phase stator voltages and currents were used to develop a rotor position estimator, from 
which the rotor speed was estimated. The three-phase stator currents were obtained from a 
PMSM using Hall effect current sensors. In the proposed speed estimation for DTC PMSM 
drives, a speed controller was devised using a modified particle swarm optimization (PSO) 
algorithm to achieve rapid convergence, low operational cost, and good applicability under 
various conditions.(15) 
	 This paper comprises six sections. Section 1 presents the research motivation, background, 
and literature review on speed estimation methods for DTC PMSM drives. Section 2 describes 
the DTC PMSM drive based on the VSVPWM strategy. Section 3 discusses the speed 
estimation scheme based on back-EMF. Section 4 details the design of the speed controller 
based on a modified PSO algorithm. Sections 5 and 6 cover the experimental setup and results, 
the discussion, and the conclusion.

2.	 VSVPWM-based DTC PMSM Drive 

	 Suppose a permanent magnet is arranged on the surface of a rotor without damping 
winding, which can be regarded as an equivalent current source. The permanent magnet’s axis 
coincides with the d-axis of the rotor shaft. The stator voltage vector equation of a PMSM in the 
synchronous reference coordinate frame is given by(16)

	 e e e e
s s s s e s s e F sR i L pi j L i j vω ω λ+ + + =
  



,	 (1)

where j is the imaginary unit; e e e
s ds qsi i ji= +


 and e e e
s ds qsv v jv= +
  are the current and voltage 

vectors of the stator, respectively; Rs and Ls are the resistance and inductance of the stator, 
respectively; λF is the equivalent rotor magnet flux produced by the permanent magnet of the 
rotor; ωe is the speed of the synchronous reference coordinate frame; and p is the differential 
operator.
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2.1	 DTC PMSM drive

	 Under a DTC condition, the estimated stator flux in the stationary reference coordinate (ωe = 0) 
frame is given by(16)

	 1ˆ ( )
1 1

s s s sc
s s s s s

c c
v R i

s s
τλ λ
τ τ

∗= − +
+ +

 


 ,	 (2)

where the symbol ^ indicates an estimated value, s is the Laplace operator, τc is the time 
constant of the low-pass filter, and ∗s

sλ


 is the reference command of the stator flux.
	 The estimated synchronous position angle required to achieve the VSVPWM DTC strategy 
is acquired using the d-axis- and q-axis-estimated stator flux from
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	 The generated electromagnetic torque of a PMSM under a DTC condition is given by

	
3 ˆ( )
4

s s s s
e ds qs qs ds

PT i iλ λ= − ,	 (4)

where P is the pole number of the motor. The mechanical equation of the motor is acquired as

	 m rm m rm e LB J p T Tω ω+ = − ,	 (5)

where Bm and Jm are the viscous friction coefficient and inertia of the PMSM, respectively; TL 
is the load torque; and ωrm = (2/P)ωr is the mechanical speed of the PMSM shaft.

2.2	 VSVPWM design strategy

	 According to the best strategy of pulse width modulation, (1) the switching period should be 
kept as short as possible; and (2) the minimum deviation of the current should be maintained 
during several switching states.(17) The design procedure for VSVPWM must also follow the 
best PWM strategy.
	 Under the conventional VSVPWM strategy, the voltage space vector plane is divided 
into six sectors (S1, S2, ..., S6), and these sectors are composed of six nonzero voltage vectors 
(V1, V2, ..., V6) and two zero voltage vectors (V0, V7) of a VSI. According to the sector position 
of a specific reference voltage vector (Vref), the specific reference voltage vector is composed 
of two adjacent nonzero voltage vectors and two zero voltage vectors (based on the minimum 
switching states). The voltage space vector plane based on VSVPWM is shown in Fig. 1. Here, 
Vx(a, b, c), x = 0 , ..., 7 is the switching state of a three-phase VSI, “1” stands for the upper-arm 
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switch of the three-phase VSI to be switched ON, and “0” stands for the lower-arm switch of the 
three-phase VSI to be switched ON.
	 Under the best VSVPSM strategy, the voltage vector needs to start from a zero voltage 
vector and end at another zero voltage vector during each switching period. In sector 1, the 
specific reference voltage vector is composed of a sequence of ..., V0, V1, V2, V7, V2, V1, V0, ... 
during each sampling period (one sampling period is composed of two switching periods). The 
specific reference voltage vector at a switching period in sector 1 is given by

	 1 1 2

1 1 2
1 2 00 0

z zT T T T T
ref T T T

V dt V dt V dt V dt
+

+
= + +∫ ∫ ∫ ∫ , Tz − (T1 + T2)= 2T0, T7 = T0,	 (6)

where Tz is the switching period; T1 is the action time of V1; T2 is the action time of V2; and 
the action times T0 and T7 of V0 and V7, respectively. If the switching period is sufficiently 
short, then Vref can be regarded as a constant value during a switching period. With V1 and V2 
constant, the magnitude of V0 and V7 is zero. Then, Eq. (6) can be modified as

	 T1 ∙ V1 + T2 ∙ V2 = Tz ∙ Vref,	 (7)

where Tz = 1/(2fs) and fs is the sampling frequency. In the two-axis coordinate (d–q) frame, Eq. (7) 
is expressed as

	 1 2
1 cos( 3) cos
0 sin( 3) sinzT T a T

γ
γ

π     
+ = ⋅     π     

,	 (8)

where a = |Vref |/[(2/3)Vdc], Vdc is the DC bus voltage, γ is the angle between Vref and V1, and 
0 ≤ γ ≤ π/3. The first and second rows of Eq. (8) can be derived respectively as

Fig. 1.	 Voltage space vector plane of VSVPWM.
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	 T1 + T2cos(π / 3) = a ∙ Tc ∙ cosγ,	 (9)

	 T2sin(π / 3) = a ∙ Tc ∙ sinγ.	 (10)

	 From Eqs. (9) and (10), the action times for T1, T2, T0, and T7 are derived as

	 1
sin( 3 )

sin( 3)zT a T
 
γπ −

= ⋅ ⋅
π

,	 (11)

	 2
sin

sin( 3)zT a T
 

γ
= ⋅ ⋅

π
,	 (12)

	 )(
2
1

2170 TTTTT z −−== .	 (13)

	 The best pulse form of VSVPWM in sector 1 is shown in Fig. 2, where Va, Vb, and Vc denote 
the three-phase voltages and Vq = (1/2) Vdc. This waveform is symmetrical about the central axis 
and allows the current harmonic and torque pulsation to be reduced.
	 According to Fig. 2, the three-phase mean voltages to the neutral point for a switching period 
in sector 1 can be derived as

	 0 0
1 2

2 sin
2 2 33

q
a q

z

V T TV T T a V
T

πγ   = − + + + = ⋅ ⋅ +   
   

,	 (14)

Fig. 2.	 Best pulse form of VSVPWM in sector 1.
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	 The best VSVPSM for sectors 2 to 6 can also be derived similarly to that for sector 1. The 
designed three-phase reference phase voltage waveforms and three-phase reference line voltage 
waveforms are shown in Figs. 3 and 4, respectively.

3.	 Speed Estimation Based on Back-EMF of PMSM 

	 In the proposed speed estimation of DTC PMSM drives, the estimated rotor speed is derived 
from the back-EMF of a PMSM.(18) The three-phase stator voltage equation of a PMSM is given 
by

	
0 0 0 0

0 0 0 0
0 0 0 0

as s as sl as as

bs s bs sl bs bs

cs s cs sl cs cs

v R i L i E
v R i L p i E
v R i L i E

           
           = + +           
                      

,	 (17)

where vas, vbs, and vcs are the three-phase stator voltages; ias, ibs, and ics are the three-
phase stator currents; Eas, Ebs, and Ecs are the three-phase stator back-EMFs of the PMSM; 
Lsl = Ls − Lm is the stator leakage inductance; and Lm is the mutual inductance. The three-phase 
stator back-EMF can be expressed as

Fig. 3.	 (Color online) Three-phase reference phase 
voltage waveforms for VSVPWM.

Fig. 4.	 (Color online) Three-phase reference line 
voltage waveforms for VSVPWM.
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where eas(θe), ebs(θe), and ecs(θe) are the three-phase instantaneous stator back-EMFs of the 
PMSM, Ke is the back-EMF constant, and θe = (P/2)∫ωrmdt is the synchronous position angle. By 
substituting Eq. (18) into Eq. (17) and by defining the function df(∙)/dt = Δf(∙)/Δt , the increment 
of the synchronous position angle is derived as(18)
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where ∆t is the sampling interval and Δias, Δibs, and Δics are the three-phase stator current 
increments in the sampling interval. Equation (19) can also be expressed as

	

( )

2 ( )

( )

as

as e
ae

bs
be

e bs e
ce

cs

cs e

e
P
K e

e

λ
θ

θ
λθ
θ

θ
λ
θ

 ∆
 
 ∆   ∆ ∆ =      ∆   ∆ 
  

,	 (20)

where Δλas, Δλbs, and Δλcs are the three-phase stator flux increments in a sampling interval. As 
indicated in Eq. (20), if the three-phase instantaneous stator back-EMFs reach a value of zero, 
then the synchronous position angle increases and diverges. This situation can be avoided by 
modifying Eq. (20) as(18)
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	 The average increment of the electrical rotor position angle is given by
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According to Eqs. (20)–(22), the increment of the estimated electrical rotor position angle can 
be defined as(18)
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	 Through discrete computation, the estimated electrical rotor position angle in the next 
sampling interval is derived as

	 ˆ ( 1) ( )  e e en nθ θ θ+ = + ∆ˆ̂( 1) ( )  e e en nθ θ θ+ = + ∆ ˆ( 1) ( )  e e en nθ θ θ+ = + ∆ ,	 (24)

where  )(ˆ neθ  and  )1(ˆ +neθ  are the estimated electrical rotor position angles in the present and 
subsequent sampling intervals, respectively. The block diagram of the estimated rotor speed 
based on back-EMF is shown Fig. 5. 

4.	 Speed Controller Design Using Modified PSO Algorithm 

	 A modified PSO algorithm is used to design the speed controller of the proposed speed 
estimation method for DTC PMSM drives based on back-EMF. The modified PSO can rapidly 
search for the best solution in the initial stage and can achieve effective convergence in the later 
process.(19) In the modified PSO algorithm, a periodic iterative computation is applied to update 
the velocity and position of each particle until the end condition is satisfied for the best solution. 
The updated velocity and position of the particle are given by 

	 1 2( 1) ( ) ( ) ( )i i best i best iv n v n k rand P x k rand G xβ+ = ⋅ + ⋅ ⋅ − + ⋅ ⋅ − ,	 (25)

Fig. 5.	 Block diagram of estimated rotor speed based on back-EMF.

êθ êθ

êθ êθ êθ êθ êθ
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where vi(n) and xi(n) are the current velocity and position of the particle, respectively; vi(n + 1) 
and xi(n + 1) are the next velocity and position of the particle, respectively; β is the weighting 
factor; Pbest and Gbest are the best positions of the individual particle and swarm, respectively; 
k1 and k2 are the learning factors of the individual particle and swarm, respectively; and 
rand ∈ (0, 1]. vmin and vmax are the prescribed minimum and maximum velocities of the 
particle, respectively. xmin and xmax are the prescribed minimum and maximum positions of 
the particle, respectively. The flow chart of the proposed speed controller design based on the 
modified PSO algorithm is shown in Fig. 6.

Fig. 6.	 Flow chart of proposed speed controller design based on modified PSO algorithm.
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Fig. 7.	 Speed estimation for DTC PMSM drives based on back-EMF.

Table 1
Controller parameters and bandwidth.
Controller type Kp Ki BW
Flux 28.9 5780 406
Torque 1.89 1890 481

	 A block diagram of the proposed speed estimation method for DTC PMSM drives based on 
back-EMF is shown in Fig. 7. The drive includes a speed controller, a torque controller, a flux 
controller, VSVPWM, torque calculation, stator flux ŝλ  and flux position angle êθ  calculation, 
stationary coordinate transformation between the three phases and the two axes, and rotor speed 
estimation based on back-EMF. Here, the three-phase currents are obtained from the PMSM by 
using Hall effect current sensors.
	 In this system, proportion–integral (P–I)-type controllers for the flux and torque control 
loops are designed by the root locus method. The speed control loop is designed using the 
modified PSO algorithm. The proportion gain (Kp), integral gain (Ki), and bandwidth (BW) for 
the two P-I-type controllers are shown in Table 1. 

5.	 Experimental Setup and Results

	 A simulation scheme of the proposed system was established using the MATLAB/
Simulink© toolbox. The implementation program was executed by a Texas Instruments DSP 
6713-and-F2812 control card and a VSI to actuate the PMSM. A standard three-phase, 220 V, 
0.75 kW, Y-connected PMSM was used to confirm the effectiveness of the proposed speed 
estimation method for DTC PMSM drives based on back-EMF. In a running cycle, the sequence 
of speed commands was designed as follows: forward-direction acceleration from t = 0 s to t = 1 s; 
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forward-direction steady-state running over 1 ≤ t ≤ 4 s; forward-direction braking to reach zero 
speed in the interval 4 ≤ t ≤ 5 s; reverse-direction acceleration from t = 5 s to t = 6 s; reverse-
direction steady-state running over 6 ≤ t ≤ 9 s; reverse-direction braking to reach zero speed in 
the interval 9 ≤ t ≤ 10 s.
	 The simulated and experimental results with 2 N-m load for reversible steady-state speed 
commands of 1800 rev/min are shown in Figs. 8 and 9, respectively. Each figure includes six 
responses: (a) command (dashed line) and actual (solid line) rotor speed, (b) command (dashed 
line) and estimated (solid line) rotor speed, (c) electromagnetic torque, (d) stator current, (e) 
stator flux position angle, and (f) stator flux locus (q-axis vs d-axis). 
	 According to the results of the simulated and experimental tests in reversible transient and 
steady-state operations, the developed speed estimation scheme based on back-EMF could 
accurately estimate the rotor speed (reversible steady-state command: 1800 rev/min) under a 
load condition. Furthermore, the stator flux position angle and stator flux locus confirmed the 
exact coordinate transformation to be achieved.

Fig. 8.	 (Color online) Simulated responses of 
the proposed speed estimation DTC PMSM drive 
based on back-EMF with 2 N-m load for reversible 
steady-state speed command of 1800 rev/min. (a) 
Actual rotor speed, (b) estimated rotor speed, (c) 
electromagnetic torque, (d) stator current, (e) stator 
flux position angle, and (f) stator flux locus.

Fig. 9.	 (Color online) Experimental responses of the 
proposed speed estimation DTC PMSM drive based 
on back-EMF with 2 N-m load for reversible steady-
state speed command of 1800 rev/min. (a) Actual rotor 
speed, (b) estimated rotor speed, (c) electromagnetic 
torque, (d) stator current, (e) stator flux position angle, 
and (f) stator flux locus.

(a) (b)

(c) (d)

(e) (f)

(a) (b)

(c) (d)

(e) (f)
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6.	 Conclusions

	 An estimated rotor speed scheme based on the back-EMF of a motor was developed to 
achieve speed estimation for DTC PMSM drives. A DTC PMSM drive was established using 
stator flux and electromagnetic torque. The established VSVPWM VSI can reduce the ripples 
of the stator current and electromagnetic torque of DTC PMSM drives. A back-EMF-based 
rotor position estimator was developed using the three-phase currents and voltages of the stator. 
The estimated rotor speed was derived from this estimator. A speed controller was designed 
using a modified PSO algorithm. The three-phase stator currents for implementing the speed 
estimation method for DTC PMSM drives were provided by Hall effect current sensors. The 
simulation and experimental results for reversible steady-state speed commands under a load 
condition confirmed the promising performance of the proposed speed estimation method for 
DTC PMSM drives.
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